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Abstract

This paper introduces a new class of generalized inverses for square matrices: core-EP G-Drazin (CEPGD)
inverse. The CEPGD inverse is not unique and defined as a proper composition of the core-EP and the
G-Dragzin inverse. Representations of CEPGD inverses related to the core-nilpotent decomposition and the
Hartwig-Spindelb6ck decomposition are established. The existence of CEPGD inverses as well as a few
characterizations and representations of this inverse are discussed. In addition, we consider some additional
properties of the CEPGD inverses through an induced binary relation.

Keywords: Generalized inverse; Moore-Penrose inverse; Core-EP inverse; G-Drazin inverse; Matrix partial
ordering.
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1. Introduction

In this section, we will restate necessary definitions, notations and known results which will be utilized to
introduce and derive our main results. The notation C"*™ denotes the complex n x n matrices. The index
of A € C"*™ denoted by ind(A), is the least positive integer ! which defines the border of rank-invariant
powers rank(A') = rank(A"*!). Standard notations N'(A4), A*, and R(A), respectively, are used to denote
the null space, conjugate transpose and the image of a complex matrix A. The orthogonal projection on
R(A) is denoted by P4. The Moore-Penrose inverse At of a matrix A is a distinctive solver X of the matrix

system
' (1) AXA=A, (2) XAX =X, (3) (AX)" = AX, (4) (XA)* = XA.

In particular, if X satisfies the matrix equation AXA = A, then X is called an inner inverse of A. An
arbitrary inner inverse of A is indicated by A~. In addition, if AA~™ = A~ A, we say A~ is commuting inner
inverse or g-inverse of A. Similarly, if the matrix X fulfils the equation X AX = X, then it is denoted by
A®)_ If the range and the null space of A®) are predefined as R(X) = T,N(X) = S, then such A® is
denoted as X = Ag?)s For A € C™ " satisfying ind(A4) = k, there exists the unique Drazin inverse AP,
satisfying 1

(1F) AFFLX = A% (5) AX = XA, (2) XAX = X.
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Under the particular environment ind(A4) = 1, the Drazin inverse becomes the group inverse A%.

Let A € C**™ and ind(A) = k. Then X € C™*™ is called G-Drazin inverse of A if it serves as a solution
for the following equations [38§]

(1) AXA=A, (k1) XA = Ak (1%) AFH1x = AF, (1.1)

The G-Drazin inverse of A is denoted by A®P and it is not unique and represents the set in the general case.
The standard notation A{GD} will be used to signify the set of G-Drazin inverses of A. The extension of
G-Drazin inverses on rectangular matrices along with a weight matrix was discussed by Coll et.al. [6], and
on Banach space operators in [24].

Prasad and Mohana in [19] proposed the core-EP (CEP) inverse on the set of square matrices with
arbitrary index. The unique matrix X is said to be CEP inverse of A with ind(A4) = k if it satisfies

(F1) XA = A% (6) AX? =X, (3) (AX)" = AX
and it is signified as AD. The CEP inverse possesses the representation [9]
A® = AF(ARFL)T = AP AR (AR)T,

Further, Prasad et al. in [20] proposed iterations to approximate the CEP inverse. Following this
research, Ferreyra et al. in [§] investigated some additional characterizations of the CEP inverse. Later,
Zhou et al. in [40] discussed limit representations of the CEP inverse. Gao and Chen studied several
characterizations of the CEP inverse in [10]. The CEP was extended to rectangular matrices by Ferreyra
et al. in [8]. Several numerical methods for finding CEP inverse, theoretical studies and characterizations
of the CEP inverse have been introduced recently. Certain new characterizations, representations, and
perturbations of the CEP and the weighted CEP were investigated in [16, [L7, [1]. A number of authors
have focused on the CEP inverse and have achieved various representations. Main results are available in
19, 15, 25, 126, 132].

Now we will discuss a few composite generalized inverses which have been developed very recently. In
the last few years, there has been a growing interest for developing composite generalized inverses, main of
which are composite outer inverses [28,135]. Subsequently, Herndndez et al. in [14] introduced 2MP-inverses,
MP2-inverses, and C2MP-inverses on the set of rectangular matrices.

Composite outer inverses are surveyed in Table [T

Table 1: Survey of composite outer inverses.

Title Definition Reference
OMP AP = AT anl 2]
MPO ARD = AT AAT 28]
MPOMP AR = ataAl aal 28]
2MP APMP — A2) A AT [14]
MP2 AMPZ — AT AAR) [14]
C2MP ACPMP — AT AAR) AAT [14]

Composite generalized inverses have adopted in diverse areas of mathematics, including ring, matrix,
Banach algebra, Hilbert space operator to extend the DMP, OMP, MPO and MPOMP inverses [4, 18, 121,
27, 128, 129, 141, 42]. Further, the DMP inverse was generalized to rectangular matrices as the W-weighted
DMP inverse in [22].

A summarization of particular composite outer inverses on square matrices is presented in Table

Composite one inverses were proposed in [13]. The authors of |13] introduced IMP and MP1 generalized
inverses along with studied the reduction of 1MP-inverses to partial isometries. A survey of particular
composite one inverses is presented in Table [3



Table 2: Particular cases of composite outer inverses on square matrices.

Restrictions Title Composite outer inverse Reference
ind(A4) =1 core A® = A7 AAT 1]

ind(A) =1 dual core Ag = ATAA# 5, 31

- DMP ADT = AP AAT |18, 127, 41
- MPD ATD = ATAAD [18]

- CMP AT = ATAAD AAT (21, 29]

- MPCEP AT® = AT 4A® 4]

Table 3: Particular cases of composite one inverses.

Title Composite one inverse Reference
1MP A=T = A= AAT 13]
MP1 At = ATAA- [13]
D1 AP = AP AA- 33|
1D A=P = A-AAP 133]

Table 4: Particular cases of composite GD inverses.

Title Composite one inverse Reference
GDMP AGDT — AGD g AT [12]
MPGD ABGD = ATAAGD [12]

The authors in [12] introduced the GDMP-inverse and its dual for square matrices. Definitions of such
matrices are restated in in Table [l

In addition, it is well known that generalized inverse is one of the main tools to study matrix partial order.
Recently, there has been a growing interest in analyzing binary relations (reflexive, transitive, antisymmetric)
on a non-empty set, such as genetics, information geometry, botanizes, data mining, physics, probability,
statistics, and environmental and socioeconomic sciences (see |7, 130, [34]).

Motivated by the above mentioned various composite generalized inverses, we aim to introduce and
investigate a new class of composite generalized inverses, called CEPGD inverses. This class of matrices
provides a generalization of the Drazin inverses to a more general class of generalized inverses.

The main results of this paper are highlighted as in the following:

(1) A novel class of generalized inverses, termed as CEPGD inverse, is introduced.
(2) A few representations and characterizations of the CEPGD inverses are investigated.

(3) Representations of CEPGD inverses based on the core-nilpotent decomposition and the Hartwig-
Spindelbbck decomposition are established.

(4) Range and null space of CEPGD inverses is considered.
(5) A binary relation for these inverses is introduced along with some derived properties.

The global development of sections proceeded according to the following structure. Definition of the
CEPGD inverse is given in Section [2l A few characterizations of CEPGD inverses and their relation with
main existing generalized inverses and (B, C)-inverses are discussed in the same section. A binary relation
on CEPGD inverses is introduced in Section [l Last section gives some concluding remarks.



2. The CEPGD inverse

In this part, we establish the core-EP G-Drazin (CEPGD) inverse on the set of square matrices. Further,
we discuss a few characterizations of CEPGD inverses and their relation with main classes of generalized
inverses. From here onward, we will consider the matrix A € C"*™ of index ind(A) = k.

Theorem [ZT] provides the motivation to investigate CEPGD inverses.

Theorem 2.1. For a fized G-Drazin inverse ASP € A{GD}, the matriz expression X = ADAACP is the
unique solution of the subsequent matrix equations:

XAX =X, XA=APA, and AX = AAD AACP, (2.1)

Proof. Let X = ADAACP, Then
XA=ADAAP A = AD 4,

AX = AAD AAGP

and
XAX = ADAACP AAD AACD = ADAAD AACD = AD AACD = X.

Next, we will show the uniqueness of X = ADAAGP . Suppose there exist two solutions, say Z; and Z,
satisfying equation (ZI). From the equalities Z;A = ADA = Z,A and AZ; = AADAACP = AZ,, we
obtain

71 = Z1AZ| = ZoAZ| = Z AZy = Zs,
which completes the proof. O
In view of Theorem 2.1l now we define the CEPGD inverse as follows.

Definition 2.1. (a) Assume that ASP is an arbitrary but fived G-Drazin inverse of A. Then the CEPGD
inverse of A is termed as AD-CP and defined by the expression

AD-CD — ADAAP,
(b) The CEPGD family of A is marked with A{®,GD} and defined as the set
A{®,GD} = AP A44{GD} = {A®AAGD . ASD ¢ A{GD}}.

Remark 2.1. Notice that every fized G-Drazin inverse ASY may give rise to a different CEPGD inverse
of A. Henceforth, if we mention the CEPGD inverse of A, it is the CEPGD with previously fized ASP.

-2 0 -4
Example 2.1. Observe the input matrix A = | 4 2 4 |. Clearly, rank(A4) = 2, rank(A?) = rank(43) =
3 2 2
1, so that £ = ind(A) = 2. Then
£ T U -1 -1 0
SO ¢ W t 3 3
Al = s, 102 5 | AP =A2(A%) A= |3 3 0],
_8_? 3 __(1J 1 1 0
-2 _1 _2 -2 _1 _2
3 3 3 3 3 3
APP = ATAAP = 1 1 1 APt = AP AAT = 1 1 1 1,
CR ERE
3 3 3 3 3 3
2 _3 _2 ~2 1 2
i 17 17 17 51 17 51
AD = 42 (A?’) — ,% % 1&7 , ATD — ATAAD — ,5% ﬁ 5%
2 3 2 ~2 1L 2
1 7 7 51 17 51



-3 00 11 -1
Further, for a fixed A= = | 1 % 0|,and AGP = | -1 —% 1 |, we have
0 0 0 -2 -3 3
1 1 0 -1 -1 0
AP =A=AAP = | L 1 o |, AP =APAA-=| 3 3 ¢ |,
0 0 0 1 1 0
1 _5 _2 3
17 }) 17 17
- - _ 31 -® — A~ _| £ 5
AD= = ADAA- = | -2 U ®=4-440=| L 2
_% = 0 0 0
1 _1 5 4 1
ATGD _ giggqep — | 1 % ACDH — AGD gpt — | 1 8
M % a2 |7 i 7
9 3 9 9 9
31 55 _60 2
17 7 17
AD.GD — 4D 4A4GD — _é 165 9_8) , AGD,® — AGD 44D — _3
3B K _ 4
17 17 17 17

]7
]a
_3
7
4
7

g
17

[ro

[Sef=W
=

1

-3

It is observable that the CEPGD inverse of A differs from the selected inner-inverse, CEP inverse, Drazin
inverse, Moore-Penrose inverse, G-Drazin inverse, DMP inverse, MPCEP inverse, MPD inverse, inner Drazin
inverse, Drazin inner inverse, inner-core-EP, core-EP-inner inverse, GDMP-inverse, and MPGD-inverse.

Remark 2.2. Ezample[Z1 revealed the identity ASP® = AD. The CEPGD inverse can be called a pre-dual
core-EP inverse since the dual GDCEP inverse (ASP® = AGPAAD = AD) s the same as the core-EP

inverse by

ACD,® _ gGD 44D — AGDAkJrl(A@)kJrl _ Ak(AG'))kJrl _ A(ACD)z — A9,

Example 2.2. Our goal is to continue Example 2] in symbolic form on the same matrix A. The solution

r1,1 Ti1,2 T1,3
to AXA = A with X in the general form X := | z21 22 23
31 32 T33
r11 r1,2 T1,3
A{l} = | 221 2x11 — @12+ 22071 — % —2x11 —x13 — 2121 + 1
r31 T — 52+ 2231 + % % (2211 — 21,3 — 431 — 1)

while the general solution to (L) defines the set

Z1,1
5 — 21,1
31

A{GD} =

1

2
+1)

3x1,2
x1,2 11— —
1 1
5 — 1,2 5 (=221 + 3210
Ty, 1 1
11— 5> +2x31+5 7 (—6x11 + 3210 — 8237 — 1)

Further calculation in symbolic form gives

A{—,D} = A{1}A4P =

A{D, -} = AP AA{1} =

—271,1 + 3712 + 2713

—271,1 + 3712 + 221 3

0

1 1
2x11 —3r12 — 2013+ 5 2211 —3w12— 2113+ 5 O

Z1,1 —

—2(z1,1 +22,1)
3(r11+x21)
2(r11+2x21)

3z1,2 3z1,2

T1,1 — —

1
—Z13+ 3

741‘111 — 41‘211 + 1
61,1 + 6221 — %
4:6171 + 41‘211 -1

1
—Z13+ 3

0

4:6171 + 41‘211 —2
761‘111 — 61‘211 +3
741‘111 — 41‘211 =+ 2

gives the set of inner inverses

)



Ao, —} = APA44{1} =

—17 (11,%1,1 + 5$2,1 + 121‘371) L (—44$1,1 — 20.%'271 — 481‘371 — 7) 1—27 (221‘171 + 101‘271 + 24.%'371 + 1)
i7 (11,%1,1 + 5$2,1 + 12,%3,1) % (44.%'171 + 20.%'271 + 481‘371 + 7) —% (221‘171 + 101‘271 + 24.%'371 + 1) ,
17 (11,%1,1 + 5$2,1 + 12,%3,1) % (44.%'171 + 20.%'271 + 481‘371 + 7) -1 (221‘171 + 101‘271 + 24.%'371 + 1)

A{—, @} = A{1}4AD

& (2211 — 3212 — 221 3) 2 (=211 + 3x1,2 + 221,3) 2 (=221 + 31,2 4 221 3)
= | & (—da11+6z12+4a13—1) = (4o — 6212 —4dw13+1) 1 (4o — 6212 —4dars+1) |,
L (=211 43712+ 2213 — 1) 3i (2211 —3w12 — 2213+ 1) & (2211 — 3712 — 2313+ 1)

o

1 17

% (1‘111 + 2:6371 + 2) % (21‘111 + 41‘311 + 3) % (7256171 — 4:6371 — 1)
AT,GD — ATAA{GD} = % (721‘111 — 41‘311 + 5) % (7456171 — 8:6371 + 3) % (21‘111 + 41‘311 + 1) s
% (4:6171 + 81‘311 — 1) 9 (8:6171 + 16:6371 + 3) 7% (21‘111 + 4:6371 + 1)
% (10x1,1 — 5212 — 1) % (2w11 — 212 —2) % (14211 — Tw12 = 5)
ASPT = A{GD}AAT = % (—10z1,1 + 5z1,2 + 4) %§ (—da11 + 22124 7) & (—lday; + Tz +11) |,
15 (710211 + 5212 —3) 15 (=2m11+w12+3) g5 (—14w11 + Twi2 + 3)

A{®,GD} = ADAA{GD}

= (—12211 — 24wz —5) 3 (—24wiy —48ws1 —17) B 2wy +4ws1 + 1)
2 (12211 + 24w51 +5) 2 (24w11 +48x31 +17)  —13 Qw1 +4as 1 +1) |,
= (12211 + 24251 +5) 15 (24w11 +48w31 +17)  —12 (2w11 +4ws1 + 1)

=

A{GD,®} = A{GD}AA®

2 _3 2

_| 5 4T 47

- vy Y
7w T

The conclusion is that the CEPGD inverse of A is different from main classes of generalized inverses. In
addition, A{GD,®} = {AD}.

An equivalent definition of the CEPGD inverse is discussed in the following theorem.

Theorem 2.2. For arbitrary ASP € A{GD}, the CEPGD inverse AD:CP is the unique solution to the
following constrained matriz equations:

i) AX = Priarynary-aacoy and R(X) C R(AF), where Prary a((ar)-aacpy 05 a projection onto
(AF), N ((AF) ) (AF),N((AF) )
R(A*) along N'((A*)*AACP);

(i) XA = Priaryn(ary-a) and R(X*) C R((AASP)*), where Pr(ary nr(ar)-a) is a projection onto
R(AF) along N'((A¥)* A).

Proof. (i) The first condition AAD-GP = PRrary,n((ar)» aacpy follows from AD = AP Ak (AF)T and
AADCED = JADAACD = AF(AF)TAACP.

From R(A*) = R(AD) D R(ADAACP) = R(AD-GP) it follows that AD-GP is the solution to the equation
().



It remains to verify that the equation (i) is uniquely solvable. Suppose the existence of different solutions
X1 and X5 to the equation (i). Then

Consequently R(X; — Xo) C N(A) = N(AD A). Further, using
R(X1) C R(A) = R(AD A) and R(X,) C R(AD A),

we conclude R(X; — X3) € R(APA) N N (ADA) = {0}. Consequently, X; = X, and hence AD-GP is the
unique solution to the equation (i).

(ii) Notice that
ADEPA = AD A = AP AF(AF)TA = Priary aramy-a)

and
R((ADP)") = R((AD AAP)) € R((AAP)").

Hence, (ii) has the solution AD-GP. If X; and X, are two solution of (ii), we observe
R(X{ — X3) S N(A) NR((AAP)*) C N((AZP)* A") NR((AP)*A") = {0},

which implies X; = Xs. O

2.1. Characterization of CEPGD Inverses
In the first result, we discuss a few properties of the CEPGD inverses, which can be verified easily.
Proposition 2.1. For each ASP € A{GD}, the CEPGD inverse AD-SP satisfies the subsequent properties:

(i) ADGPA = AD 4,

(i) ADCD AR+ = Ak | = ind(A).
(iii) ADCP = AD.GD AACD,
(iv) ADCPAADED — AD.GD,

(v) ADGD = AP AH(ANTAACD = ADPR(AZ)AAGD, where | > k = ind(A).

Theorem characterizes the GDCEP inverse from an alternative algebraic access.

Theorem 2.3. For ASP € A{GD}, the subsequent matriz systems are equivalent:

(i) X = AD:GD,

(i) XAX =X, AX = AADAACP XA =ADA and AXA=AADA,

)
)
(iii) XA =ADPA and X AADAACP = X
(iv) AX = AADAACD and ADAX = X.
)

(v) XAADAX = X, XAADA = AD A, AADAX = AADAACP and
AADAXAADA = AAD A,

(vi) XAADPAX = X, XAADA = ADA and AADAX = AADAACP,
(vii) XAAD = AD and XAADAACP = X
(viii) XAAT = AD and XAADAACP = X



(ix) XAA* = ADAA* and XAADAACP = X
(x) ATAX = ATD®AACP gnd ADAX = X.
(xi) A*AX = A*AADAACP and ADAX = X,

XA=APA and ADAXAACP = X

(xiii

)
)
)
(xii) AX = AADAACP and ADAX AASP = X
)
)

(xiv) AXA=AADPA and ADAX AACP = X

Proof. (i)=(ii) It is sufficient to show only AXA = AADPA. Using ADAACP = X, we get AXA =
AADAAGP A = AADA.

(ii)=(iii) From AX = AADAACP we obtain XAADAACP = X AX = X.

(iii)=-(i) This implication is conﬁrmed by X = XAADAACP = ADAAD AACP = ADAACD,

(ii)=(iv) Since XA = AD A, then ADAX = XAX = X.

(iv)=-(i) Using AX = AA®AAGD, it is concluded

X =ADAX = ADAAD AACP = AD 4ACD,
(i)=(v) From ADAASP = X we obtain
XAADA = ADAACPAAD 4 = ADAAD A = AD 4,
AADPAX = AADAADAACD = 4AD AACP,
AAPA(X AADA) = AADAADA = 44D 4,

and
(XAADPA) X = ADAADAACGP = ADAACP = X

(v)=-(vi) The proof is obvious.
(vi)=(i) This statement follows from the below expression:

ADAACD = ADAADAACP = ADAADAX = ADAX = XAADAX = X.

The remainder of the proof is completed similarly. O
Proposition 2.2. Assume X € C"*" and AP € A{GD}. Then

(i) AADAX = AADAACP = ADAX = ADGD,

(i) XAADA = ADA = XAAD = AD = X AF = AD AF,

(iii) AADCD = AACD = A = AADA = At = ATD = A* = 444D,
Proof. (i) Let AADAX = AADAAGP. Then

ADPAX = ADAADAX = ADAADAACD = ADGD,

The converse part is trivial.

(ii) The first part follows from X AAD = XAADAAD = ADAAD = AD. To show the next equivalent
statement, let X AAD = AD. Then

XAF = XAD AR = X A(AD)2 AR = X AAD AR = AD AF,
Conversely, if X AF = AD AF | it follows
AD = ADAF(AD)r = X AR(AD)E = X AAD.



(iii) Under the assumption AADGP = AAGP one obtains
A=AAPA = AADAACP A = AADA.
Vice versa, let AADA = A. In this case, AADCP = AADAACD = AACD, O
Next, we discuss the relations of the CEPGD inverse with CEP, G-Drazin, and (B, C)-inverse.

Proposition 2.3. Let AP ¢ A{GD}. The CEPGD inverse satisfies the subsequent relations:

(i) ADCD = AGD — R(AGP) C R(AD).

(ii) ADECP = AD = AADCD = 44D,
Proof. (i) Assume R(ASP) C R(AD). Then ASP = ADZ for a selected Z € C**™. Now

AGP = AD 7 = ADAADZ = ADAACP = AD.GD,

The converse is trivial.
(ii) Let AAD-CP = AAD Then ADGCP = ADAAD-CP = ADAAD = AD. The converse is trivial. O

Recall that A is called index EP (in short, i-EP) if A¥(A*F)T = (AF)t AF.
Theorem 2.4. If A is i-EP, then ADGP = AD Moreover, AD-GP = AD = AP,
Proof. Let A be i-EP. Then by [39, Theorem 2.4], it follows AD = AP and AAD = AD A, Now,

ADCD = AD QAP = JAD AP
_ Ak+1(A®)k+1AGD - (A®)k+1Ak+1AGD
= (ADYRH1 AR = AR(ADYRHL = 4(AD)2
= AD,

which was our initial intention. (]
Definition restates definition of (B, C')-inverses.

Definition 2.2. [2,13] Let A, B,C € C"*". A unique matrix X € C"*" is called the (B, C)-inverse of A if
it satisfies
XAB=B, CAX =C, N(C)=N(X), R(X)=mR(B).

Theorem and Corollary 2] provide useful representations of the CEPGD inverse in terms of (B,C)-
inverses.

Theorem 2.5. For arbitrary ASP € A{GD}, AD-GP represents the (B, C) inverse of A, where B = AF
and C = AADAACD,

Proof. Let X = AD:GP B = A* and C = AADAASP. Then

XAB = ADAACP AAF = AD AR+ = gk = B
CAX = AADAACP AAD AACP = 44D AACP = C.

From X = ADAACP = Ak(AD)k+1 AACD it follows R(X) C R(B). Similarly, using B = A¥ = AD Ak =
ADAACP AR+ = X AARH we conclude R(B) € R(X). Next we need to show N(X) = N(C). Let
y € N(C). Then y € N(AADAACP) and subsequently, AADAASPy = 0. Premultiplying AP on both
sides we get ADAASPy = 0. Now Xy = ADAASPy = 0. Thus y € N(X) and hence N (C) C N(X).
Conversely, if z € N(X), then ADAASP 2 = 0. Now Cz = AADAASP 2 = 0 and consequently, z € N(C).
Hence N (X) C N(C), which completes the proof. O



Corollary 2.1. For an arbitrary AP € A{GD}, ADGP s the (B,C) inverse of A, such that B = AD
and C = AADAACD,

Proof. Let X := AD:GP_ The proof of the identity X AB = B follows from the following identities:
XAB = ADAACPAAD = ADAAD = 4D = AD = B,
The identity CAX = C follows from Theorem O

Corollary 2.2. For arbitrary ASP € A{GD}, the subsequent representations are valid:

AD:GD _ gk (AACDA’““)T AAD 4 ACP
— Ak (ak+1)T 446D

Proof. Stated representations follow from Theorem 2.5 and the general representation of outer inverses with
known image and kernel from [36]. Based on Theorem 25 we obtain

t
ADCP — gk (44D AACP AAF) AAD A ACD
= Ak (AAG)A’““)T AA® A 4GP
= Ak (AACDA’““)TAA@’GD.
The second representation follows from A® = AF(AF*1)! which implies
A(‘D,GD — Ak (AAk(Ak—i-l)TAk—i-l)T AAk(Ak-l-l)TAAGD
_ 4k (Ak+1)T ARFL(ARF1YT 4GP
— Ak (Ak-i-l)TAAGD,
and the proof is complete. o

Example 2.3. Consider the input matrix

—2a 0 —4a
A= 4a 2a 4a |,
3a  2a 2a

where a is an unevaluated variable with real values. The general solution to (Il gives the set

3x 1
Sz +T13+ 5, T1,2 71,3
A{GD} = 2213 1
= ——5 — 1.3 . 5 — 1,2 —1,3 )
ari,2+azi,3—arsz 2+ 1
— 5o x3,2 5 (=212 — w13 — 273 2)
which generates the set of CEPGD inverses of A:
A{®,GD} = ADAA{GD}
—6axy 2—12ax3 2+1 _ 12ax1 2+24ax3,2+5 12
17a T7a 17 (T1,2 + 2732
_ | 3(6axistl12axzo—1) 3(12ax;o+24azs+5) 18 (21,2 + 2x3.9)
340 34q 17 1,2 3,2
6axy 2+12ax32—1 12az1 2+24ax3 2+5 _ 12 (1, 42z )
17a 17a 17 1,2 3,2

The matrices B and C from Theorem are equal to

—8a%2 —8a%2 0
B:=A%>=| 1242 124®> 0
8a? 8a® 0

10



and
C:= AADAA{GD}
—% (6azxy2 + 12az32 — 1)
== 17 (60,:6172 + 12(11'312 — 1)
17 (60,:6172 =+ 12(11'312 — 1)

(12(1561 2+ 24(1:63 2+ 5) %4 (1‘1 2 + 2:63 2)
(12(1561 2+ 24(1:63 2+ 5) %7 (561 2 + 21‘3 2)
(12(1561 2+ 24(1:63 2+ 5) 7—0, (56172 + 21‘312)

31 7
]27

Symbolic calculation confirms that B(CAB)TC, which is in accordance with Theorem [2.2.
The core-EP of A in symbolic form is given by the matrix

2 _3 __2

+ 7§ g)7a ‘Jg7a

AD = 42 (Ag) I Tfa  34a 17a
T 17a 17a 17a

Using By := AQ and C := AADP AA{GD} we conclude B(CAB)'C = B, (CAB,)'C, which is a confirmation
of Corollary [Z2.

Theorem 2.6. For M € C"*" and ASP € A{GD}, the next statements are mutually equivalent:
(i) ADGD = M AAGD,
(ii) MA=ADA,
(iil) AMA = AADA and R(MA) = R(AF).
(iv) M

Proof. (1)=(ii) Let AD:GP = M AASP. Then MA = MAASPA = AD:GPA = AD 4,
(ii)=(iii) From, MA = AD A, and AD = ADAAD = MAAD, we obtain R(MA) = R(AD) = R(A¥).
(iii)=(i) Let R(MA) = R(A*) = R(AD). Then MA = ADX for appropriate X € C"*", which initiates

= AD 4 Z(1,, — AASP) for some Z € C"*".

MAASP = AD X ACD — ADAMAACP = ADAAD AACD = 4D.GD

(ii)=(iv) We can easily verify that the general solution to the homogeneous equation M A = 0 is equal to
M = Z(I, — AASP), where Z € C™ ™ be arbitrary. Since AD is a particular solution of MA = AD A, so
the general solution to MA = AD A is equal to

M = AD + Z(I,, — AACP), where Z € C"*™ be arbitrary.
(iv)=(i) Let M = AD + Z(I,, — AASP) for a chosen Z € C™*". In this case,
MAAGP = ADAACP 1 ZAAGP — ZAAGP AAGP = AD JACP = AD.GD,

The proof is completed. O
Theorem 2.7. For arbitrary M € C™*" and ASP € A{GD}, the subsequent assertions are valid:

(i) ADCP = ADAM <= M = AP + (I, — ADA)Y for a hosen Y € C™*".

(i) ADCD = ZAM = M = AP + (I, — ADA)Y and Z = AD + X(I,, — AASP) for selected X,Y €

Ccnxn,

Proof. (i) For M = ASP (I, — ADA)Y it can be verified ADAM = AD-GP_ Conversely, let ADCGP =
ADAM. Tt is known that ASP is a particular solution of ADAM = ADGP_ Suppose Y is any solution
of the homogeneous equation ADAM = 0. Then APAY = 0, and we can write Y = Y — ADAY =
(I, — ADA)Y. So the general solution of homogeneous equation AP AM = 0 is given by M = (I, — ADA)Y
and consequently, M = AP 4 (I,, — ADA)Y is the general solution of ADAM = AD-GP | where Y € C**"
is arbitrary.

(ii) This follows directly from part (i) and (iv) of Theorem O
11



Next, we provide a representation of the CEP inverse and the GD inverse based on the core-EP matrix
decomposition. More precisely, the core-EP decomposition [37] of A € C™*" is defined by

_ Tl T2 *
AU{O N}U, (2.2)

where U is unitary, T} € C"*" is a non-singular and N € C(—7)x(n-7)

decomposition given in (2.2]), the following results are obtained.

is a nilpotent matrix. Using the

Theorem 2.8. Observe the core-EP decomposition of A defined in (22). Then all CEPGD inverses of A
are represented by
ADCD _ {Tfl X5+ T1—1T2N} U

0 0
- - - k-1 )
where (Ty Xy + ToN—)N =0, Xy =T, FTy — T7FN= and Ty = 3. T Ty NF—1-1,
i=0
T To| ;.. .
Proof. Let A=U 0 N U*. From A = AX A, we obtain
Ty To| 0 |1y To| | X1 Xo| |T1 To| 4
ofa Me-o[d W F]0 e
[T+ BXGT TXTs + TiXoN + ToXsTs + T XN
= NXsT, NX3Ts + NX4N :

Thus, NX3 = 0, X4 = N_, T1X1 + T2X3 = I, (TlXQ + T2X4)N =0. 1\16)(‘57 we evaluate

1

a =y [T Ty (with T} —ki T{ Ty N*¥=17%)
= 0 0 2_,L':0 1 42 )
X1 Xo| [TF T XiTF X\ T
k _ 1 2 1 2 * 141 142 *
XA U{X3 X4Ho O}U U{X3T1’“ X3T2]U’

and

AEX = U [T{c T}} [Xl X2] S [lexl +ToXs TFXo+ Tgxﬂ 7

0 0] |X3 X4 0 0

Using the condition X A¥ = A*X | we obtain X,TF = TFX,, X3 =0, X1y = TFX, + T X4. Hence, GD
inverses of A are of the form

Tt X
GD — 1 2 *
AV =U { 0 N} U, (2.3)
where (T7 X2 + ToN7)N =0 and X, = Tf(kﬂ)fg — Ty *T, N~ In [37)], the core-EP decomposition of A is
given by

0 0
From the equations (Z2)), Z3) and ([24)), we can see that CEPGD inverses are of the form

ADCD _ s {Tll X, + T11T2N—} U

AD = {Tfl 0] U*, (2.4)

0 0

12



2.2. CEPGD inverse in terms of HS-decomposition

We discuss the general form of CEPGD inverses via the Hartwig and Spindelbdck decomposition (in short,
HS decomposition)[11]. For every matrix A € C"*" with having rank r, we can write the matrix A as

YK XL| ..,
a=oPE %] 25)
where U € C"*" is unitary, ¥ = diag(cl,,,0l,, - ,0l.,) is the diagonal matrix with elements equal to

singular values of A such that o1 > 09 > -+ >0, >0, 71 +72+ -+ 15 =r. The blocks K € C"™*" and
L € C™*(=") are related with KK* + LL* = I,..
Proposition [2.4] gives representations of the G-Drazin inverse based on the HS decomposition of A.

Proposition 2.4. Consider the matriz A as defined in (Z8). Then the GD inverses of A are of the form

X1 X
GD __ 1 2 *
4 _U[Xg X4]U’

where
YKX,+YXLX3= I, Xl(EK)k — (EK)kfl, X3(EK)k71 -0

and
(KX, + (SK)PYLX, = (SK)F XL
Proposition establishes the CEP inverse of A utilizing the HS decomposition.

Proposition 2.5. |8, Theorem 3.2] Consider the matriz A as defined in @3). Then AD is of the form

@
A® = U {(Elg) 8] U*, where ind(XK) =k — 1.

The following result follows immediately in view of propositions 2.4 and
Theorem 2.9. Consider the matriz A as defined in [23). Then CEPGD inverses of A are of the form

ADCD _ [y (EK)® (SK)P(ZKX, +XLX,) U,
0 0
where
SKXi + SLXs = I, Xi(SK)" = (SK)", Xs(SK)* ' =0
and

(SK)*1 X, + (BK)*SLX, = (ZK)" 'L

3. Binary relation on CEPGD inverses

It is well known that a reflexive and transitive binary relation on a non-empty set is a pre-order |23]. In
addition, if the relation is also anti-symmetric, it is termed as a partial order.

Definition 3.1. |23, Definition 4.2.1] Let A, B € C"*™ with ind(A) = 1. Then A is below B under the sharp
order A <# B if there exist commuting g-inverses A~ and A= such that AA~ = BA™ and A=A = A=B.

A few examples of these relations are given below. The matrices A, B € C"*"™ are assumed.

e Star partial order [23, Page 2|:
We say A <* B if ATA = AT and AAT = BAT.

13



o Left sharp partial order |23, Definition 6.3.1]:
If ind(A) < 1, we say A#< B if A2 = AB and R(A) C R(B).

e Right sharp partial order |23, Definition 6.3.1]:
If ind(A) < 1, we say A <# B if A2 = BA and R(A*) C R(B*).

e Core partial order [1]:
If ind(A) =1, wesay A <® B if APA = A®B and AA? = BA®.

o Core-EP pre-order [317]:
We say A <® Bif ADA = ADPB and 44D = BAD.

e Drazin pre-order |23, Page-118 ]:
We say A <P B if APA = APB and AAP = BAP.

We now establish a binary relation based on the CEPGD inverse, and then utilizing the definition, we
characterize the relationship in terms of partial order when we consider the matrices of at most index 1.

Definition 3.2. For A, B € C**", we will say that A is below B under the relation <@ GP jf AD.GD A —
ADEPB gnd AADCD = BADCD for g fired ASP € A{GD}. Such a relation is termed as A <GP B,

Clearly, the relation <@ GP is reflexive but need not be transitive, as shown in the below example.
11 1 1 1 1 1 1 11 1 1
00 0 O 0 0 0O 0 0 0 -2
Example 3.1. Let A = 00 o ol B = 000 0 C = 000 2l Then we can find
01 -1 0 0 0 0O 0 00 O
that
1 2 0 -1 1 1 1 1 1 0 0 0
0 0 0 1 0 0 0O 0 0 0O
GD _ GD _ ® - pd®
A 011 of?B 00 0 o™ AT=B"15 4 ¢ ¢
0 00 O 0 0 0O 0 0 0O

It can be calculated
AADECD = pADCD - AD.CD g — gO.CD B

as well as
BB®GP — ¢p®.GD - p®.GDp — pO.GD,

It is observable that AAD®-GD = CAD:GD pyt

11 1 -3
A®CD 8 8 8 8 £ ADCD 4.
000 0

Thus, the conclusion is that both the relations A <®.6D B and B <®:6D ¢ hold, but A jéCD’GD C.
Proposition 3.1. The subsequent statements are mutually equivalent for A, B € C™"*":

(i) A <D®GCP B,

(ii) AAPA = BADA = AADCP B,
(iii) ADA = ADCPPB gnd AAD = BAD.

14



Proof. (i)=(ii) Let A <®SP B. Then
AADPA = AADAADA = AADAACP AAD A
= BADAAP AAD A = BADAADA
= BAD 4,

and
AADA = AADAAGP 4 — AADAAGPB = 4ADGP R,

(ii)=(iii) Let AADA = BADA = AAD-CP B, Then
ADPA = ADAACP A = ADAACP B = ADCDPp

and
AAD = AADAAD = AADAACP AAD

= BADPAACP AAD = BADAAD = BAD,
(iii)=(i) Assume (iii) holds. Then it follows
ADECD Y = AD g = ADCDR
in conjuction with
AADCD = AAD AACD = BADAACD = pADCD,
O

Theorem 3.1. Assume that A € C"*" is represented by (22)). In addition, if B € C"*™ the subsequent
statements are equivalent:

(i) A <D®GCP B,

(11) B-U T1 T2 — (T1X2 + TQN_)B4 U,
0 By

Proof. (1)=(ii) Let A <®GD B and consider B = U {gl gQ
3 by

] U*, where B; (i = 1,2,3,4) are arbitrary.
By comparing AADGP = BA, we obtain
B, =Ty, By = 0.
Applying ADCP A = ADCP B we get
Ty Ty + (Xo 4+ Ty " ToNT)N = T By + (Xo + Ty ' ToN 7 ) By, (3.1)

Using (T1 X2+ToN~)N = 0 (see Theorem [Z8) and the equality B.I]), we have By = To — (T1 X2+ T2 N~ )Bj.
(if)=(i) It follows by direct verification. O

Lemma 3.1. Let A, B € C"*" and assume ind(A) < 1. For a fired ASP € A{GD} satisfying A <®-CP B,
the following statements are valid:

(i) A# < B, where # < is the left sharp order.

(il) A < #B, where < # is the right sharp order.

Proof. For ind(A) = 0, the result is trivial. Let ind(4) = 1 = k. Thus AD = A®. Further, from
A2AGDP = A = AGP A2 we obtain AACP = ASP A, Now if A <GP B, then

AASP = BA® AAGP and AP A = AP AACPB.
15



(i) Using these properties, it is derived
A% = A2APA = A2APAASPB = A?A°PB = AB.

The condition R(A) C R(B) follows from A = AASP A = BA® AASP A. Hence by |23, Definition 6.3.1], we
conclude A# < B.

(ii) It can be verified from the below expressions:
A* = (AAPA)* = (AP A)* A" = B*(AAB AACD)~

and
A2 = AASP A2 = BAP AACP A2 = BA® A2 = BA.

O
Theorem 3.2. Assume A, B € C"*" and ind(A) < 1. Under these conditions, it follows
A<# B A<DECD B
for some AP € A{GD}.
Proof. Let A <# B. Then by |23, Theorem 4.2.5], we have AA# = BA# and A* A = A# B. Now
AADCD = AACD — AA# AASP = BA# AACP
— BA#* A2(ACP)2 = BA(ASD)?
= BABPA2(ASP)2 = BABAACP = BADGD,
and
ADCDA = APA = AP AA* A
= APAA*B = ABPACP A24# B
= ABAPAB = AP AAPB = ADCPp,
Hence, by Lemma [3.T] the proof is complete. O

Remark 3.1. The relation <©CP is a partial order on the set PO = {A, B € C**" : ind(A) = ind(B) < 1}.

4. Conclusion

A novel class of outer generalized inverses, termed as CEPGD inverse, is introduced as a proper composition
of the core-EP and the G-Drazin inverse. A few properties and computationally efficient representations
of the CEPGD inverses are presented and investigated. The image and nullity of CEPGD inverses are
considered. The representations of CEPGD inverses based on the core-nilpotent decomposition and the
Hartwig-Spindelbock decomposition are established. A binary relation induced by these inverses is intro-
duced along with some derived properties.

Some encouraging subjects for future investigation are mentioned as follows:
- development of iterations for computing the CEPGD inverses;
- perturbations, limit, and continuity of the CEPGD inverses;
- studying of CEPGD inverses for tensors;
- investigation of CEPGD inverses for Hilbert spaces operators.
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